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Various Hamiltonian formulations of ,f{TV) gravity can be found in the literature. Some authors 
follow the Ostrogradsky treatment of higher derivative theories and introduce as extra variables first 
order time derivatives of the metric (typically the extrinsic curvature). Some others take advantage 
of the conformal equivalence of fiJZ) theory with Einstein's gravity coupled to a scalar field and 
introduce as an extra variable the scalar curvature TZ itself, which includes second time derivatives 
of the metric. We show that, contrarily to some claims, these formulations are related by canonical 
transformations. 



INTRODUCTION 



a^ ■ 
o : 
o . 

(N ; 

^ , A currently fashionable class of extended theories of gravity are the so-called f{TV) theories whose Lagrangian is 
^ ' an arbitrary function of the scalar curvature TZ rather than simply TZ as in General Relativity, see e.g. [ij for recent 
^"5 \ reviews. "Metric" f{TZ) gravity^ has two remarkable features : it is a "higher derivative" theory, that is, the field 
\^ • equations are fourth order differential equations for the metric ; and these field equations are conformally equivalent to 
I Einstein's equations minimally coupled to a scalar field • This means that it possesses one extra degree of freedom, 
■ beyond those of Einstein's gravity [3| . 

^ ■ The first Hamiltonian formulation of f{TZ) gravity, more precisely of TZ^ , was performed by Boulware [J] who chose 
as the extra degree of freedom the scalar curvature itself, that is, a function of second time derivatives of the metric. 
■ Many authors subsequently followed this route, see e.g. [1, H, HiBQ- 
{3J[)| In parallel, an alternative Hamiltonian formulation of f{TZ) gravity was initiated by Buchbinder and Lyahovich p^ . 
based on the "Ostrogradsky procedure" (see e.g. [ll[ for a vivid review), which consists in promoting to the status of 
^ ' independent variable first order time derivatives of the metric (typically the extrinsic curvature) . For developments 
<^ I along this fine, see e.g. [ij, .13, 14, 15, 16, 

' Schmidt Q clearly differentiated these alternative formulations, which are sometimes put on the same footing, see 
00 . e.g. Now, since they must both yield the same equations of motion, one expects that they should be equivalent, 
0^ ' that is, related by a canonical transformation. However Ezawa et al., (T3l.[T^. claim that they are not : we shall show 
in this paper that they are. 

• We thus generahze to f{TZ) gauge field theories the result obtained in [l^ in the simple case of L(g, g, g) Lagrangians. 
' Moreover, in giving the explicit, highly non-linear, form of the transformation, we make it clear that this equivalence 
may hold at the classical level only (a point already made by Schmidt \^ in the simple case of minisuperspace). 



The paper is organized as follows. 

We start in Section |lT] by recalling the Arnowitt-Deser-Misner (ADM) Hamiltonian formulation of f{TZ) gravity 
in the Einstein frame, where it is equivalent to General Relativity [l^. This will serve as our "Rashid stone" ^ to 
evaluate subsequent formulations and fix the notations. 

In the original, Jordan frame, f{TZ) gravity is explicitly a higher derivative theory. In Section IIIII we present a 
Hamiltonian formulation in Boulware's line, promoting TZ to the status of independent variable. As far as we know 
this treatment is new, and extends those of [a, [1, 0| • 

In Section HVl we turn to a Hamiltonian formulation "a la Ostrogradsky," taking the trace of the extrinsic curvature 
as the extra degree of freedom. We believe our treatment is simpler than those presented in [l^, [13, [3, [IB, EB] ■ 

Section|V]is the core of the paper, where we explicitly exhibit the canonical transformations which turn the Einstein 
frame Hamiltonian into the Jordan frame one and then into the Ostrogradsky one. 

Section IVII summarizes our results. 

A number of self-contained Appendices complement and illustrate the core of the paper. In Appendix]^ we derive 
in detail the Hamiltonians associated to a toy higher derivative Lagrangian of the type L = L{q,q,q) , when either 
g or g is taken as a new variable. Appendix |B] is a short recap of the conformal equivalence of the Einstein versus 



^ See [3 and references therein for variations "a la Palatini." 
^ Also known as the "Rosetta stone." 



2 



Jordan frame formulations of f{TZ) gravity. Finally Appendix [Cl applies our general results to the simple case of 
minisuperspace . 



II. EINSTEIN FRAME HAMILTONIAN OF f{n) GRAVITY 

This Section summarizes the ADM formalism flO^ and fixes some notations (see e.g. [l^, [U for a more 
geometrical approach) . 

Consider a four dimensional manifold Ai whose points are labelled by some arbitrary "ADM" coordinates 
with i = {0, 1, 2, 3} , and endowed with a metric gij{x^) with signature (— , +, +, +) , determinant g and associated 
covariant derivative Vi . Suppose that M can be foliated by a family of spacelike 3-surfaces Et , defined hy t — . 
Let hab = gab\x°=t with a, b running from 1 to 3 be the metric on St , /i its determinant, /i"'' its inverse and denote by 
Da the associated covariant derivative. Three basis vector fields on S( are da , with components 6a ; introduce too the 
future-pointing unit normal vector n to the surface Et , that is, to the three vectors da ; its components are Ua = , 
riQ = — ; n° = \/—g^^ , n"" = — • Decompose then the time-like basis vector do (with components 
6q) on the normal vector and the three basis vectors da ■ 6q = Nn^ + N°'5a ; N = l/y— and iV" = —<f'°'/<f'^ 
are the "lapse" and "shift." Together with the induced metric hab they constitute the "ADM variables." In terms of 
these variables we have \/~-g = N\/h, — 1/N , n°- — ~N°-/N , and the components of the 4-metric read 

.900 = + NaN" , gOa = Na , .9a6 = hab , 

iV2 ' « 7V2 ' « ^2 

(Here and in the following indices of three dimensional objects are moved with the induced metric.) Introduce finally 
the extrinsic curvature of Ef : 

Kab = Vaflb = (Lb - DaNb ~ DbNa) , (2.2) 

where a dot denotes a time derivative : hab = ^^gf- ■ 

The components of the Riemann tensor can be written in terms of the ADM variables (the so-called Gauss, Codazzi, 
Ricci-York equations). We shall only need here the expression of the scalar curvature. We refer to the literature (see 
e.g. [13, IMl [12] ) for its calculation which yields : 

n^jk .jk -^k"^ + R+ -^driy^gn' k) ^daiVlh'''' dtN) , (2.3) 



3 y^N 

where K = h"^^kab \ where we place the symbol T in front of symmetric tensors to mean their traceless part, e.g. 
jKab = kab ~ \ hab k ; whcrc k . k = kab k""^ ; and where R is the scalar curvature of the metric hab ■ 

Armed with these standard preliminaries consider now the Einstein-scalar action 

'tz 1 



Jm 



2 ^g^^d,cj,d,cj,-Vi^) 



(2.4) 



This action describes f(TZ) gravity in the "Einstein frame" if the potential V{4>) is given under parametric form by : 

n^^-'-^YFW^' (2-5) 

where a prime denotes derivation with respect to the argument. As for the metric gij it is related to the original, 
"Jordan frame" metric gij by 

g^^=eViig,,, (2.6) 



see Appendix [Bl for a recap. FoUowing the standard procedure we plug (|2.3|) into (|2.4p to get 



d^x 



-Ce + d^W-grV K) -daiVhh-" dbN) 



with 



]^Lk .rk -l^k'' + R 



1 1 



(0 - TV^^a*; 



(2.7) 



(2.8) 



Let us now turn to the obtention of the ADM Hamiltonian [19]. Momenta conjugate to the dynamical variables 
hab and (p are defined as (recalling the definition (|2.2p of kab) 



2 V 6 f,l 



P 



dhab 



N 



Inversion yields the "velocities" in terms of the canonical variables : 

4N / I ^ \ ^ ^ ^ ^ ~ N ~ ~ 

hab = -y^ [Pab - ^Phabj + DaNb + DbNa , (/) = ^ + N^daCf) , 

where p = hab p"^ • Ignoring the divergences in (12. 7p the Hamiltonian density is therefore 

H=p''''hab + ^4>'-^E^nE + da{2p''''Nb), whcrC HE = VI{NC + N''Ca) 

and 



(2.9) 



(2.10) 



(2.11) 



Ca^-2Dk l^j 



As first shown in [19| Hamilton's equations 

(5 = 0, Ca^Q.. 



SHe 
Sp' 



sn 



E _ ~ab 



nab 



6hal 



= -P 



SHe 
6n 



5m 



are equivalent to Einstein's equations Gi 



5,09,0 -.9,, (1(90)2 + ^(0) 



(2.12) 



(2.13) 



III. JORDAN FRAME HAMILTONIAN OF /(7^) GRAVITY 

Consider now fiJZ) gravity in its original "Jordan frame" formulation. The action is 

1 



S[9^^^7^ / d*a:V^/(7^) 



(3.1) 



The form of the equations of motion (see Appendix [B|) suggests to promote the scalar curvature TZ to the status of 
independent variable s • We are thus led to replace S[gij\ by the extended action 



5*3 



4J : I " 



M 



(3.2) 



where is a Lagrange multiplier. As in Section|TTl the metric, see (|2.ip . and TZ , see (I2.3p . are now expressed in terms 
of the ADM variables as 



500 = -N^ + NaN" , goa = Na , gab = hab 



(3.3) 
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and 



n = jK.jK-lK^ + R+ -^d,{^ K) - ^J— 



daiVkh-'dbN), 



(3.4) 



where the induced metric on the surface Si , the lapse and the shift are denoted by {hab, N, iV°} , where n* is the unit 
vector orthogonal to Et , where Da is the covariant derivative associated with hab , where R is the scalar curvature of 
Sf and where ^/— 5 = N \fh . Finally, Kab is the extrinsic curvature : 



Kab = ^ (hab - DaNb - DbNa) . 



Plugging (|3.4p into (|3.2p we have, after integrations by part 



5s = / d 

M 



+ <pKn')-da{Vh<p /i"'' a,,iv) 



with 



Cj[hab,s,N,N'',(j}\ = VhN 



1 



if 



1 



r i^K .rK - - + R - s] + - fis) - - - N'^dacl^) + - da^d'^N 



N 



N 



(3.5) 



(3.6) 



(3.7) 



We thus see that the integration by parts that we have performed has turned into a dynamical field since its time 
derivative appears in (|3.7p . Now, the equation of motion for s simply is 



/'(s)-0. 



(3.8) 



This algebraic constraint can harmlessly be incorporated in Cj (at least at the classical level) so that the Lagrangian 
density of the theory becomes'^ 

C*j [hab, 0, N, N^] - [hab, s, iV, iV^ , (3.9) 

where s is known in terms of (j) via (|3.8p . (Note that we could have followed an alternative route consisting in first 
incorporating the constraint (j3.8|) in (j3.2|) to eliminate (f) and then turning s into a dynamical variable, the "scalaron" 
[131 . See Appendix [X\ and for a comparison of these two routes.) 



Momenta conjugate to the dynamical variables hab and are defined as, recalling the definition (|3.5p of Kab ■ 



dC*j _ Vh 
2 



dhab 



Inversion yields the velocities in terms of the canonical variables 



N 



Vh V 



/ 4TPab 



Trhr, 



DaNb + DbNa , 



2N 
3Vh' 



^^-p)+N''daC^, 



where p = hab p'^^ ■ The Hamiltonian density is therefore 

rL = p''^hab + -K^-C*i^n*j+da{2p''^Nb-^/h(j)d''N), where n*:^ = ^/h{N C + N" Ca) 

and 



2 / TP • TP ,1 , 2 1 



(j) 6 



Pi 



1 



-07r2--p^ +-(,/,s-/(s)-0i? + 2D,D^ 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



where s is known via /'(s) = 



^ The divergences in 113.61 1 are discarded. For a thorough discussion of boundary terms in fCR.) gravity, see [2^ . 
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IV. OSTROGRADSKY HAMILTONIAN OF /(7^) GRAVITY 
Let us return to the f{TZ) Jordan frame action 

s[g^^ = l I d^x^fin) (4.1) 

^ Jm 

and, contrarily to what we did in the previous section, let us perform the ADM decomposition first, before introducing 
any new independent variable. 

As in Section [1111 see p.4p . TZ is expressed in terms of the ADM variables as 

TZ = TK.rK~^K^ + R + 2V,(n' K) ~ ^DaD^N (4.2) 



that we rewrite as* 



n=^{k- N-daK) +,,K.fK+^K^ + B- ^DaD'^N . (4.3) 



We recall too the definition of the extrinsic curvature : 

K ^ ^ (h'^'' hab - 2 DaN^) , iKab^ ^[Thab-TiDaNb+DbNa)]. (4.4) 

We hence see explicitly that the scalar curvature depends on second time derivatives of hab through K . This suggests 
[l3| to promote, "a la Ostrogradsky," K to the status of a new independent variable, Q (see also [H, [l3|)- We are 
thus led to replace S[gij] by the extended action 



So= f d'^xCo, where Co[hab,Q,N,N'',u] = VhN 
Jm 

with TZ now given as 



lf{TZ)+u{K-Q) 



(4.5) 



7e - ^ (Q - N'^daQ) + TK.rK+^Q^+R- ^DaD'^N (4.6) 



and where K and jKab are given in (|4.4p .^ 

Momenta conjugate to the dynamical variables hab and Q are defined as : 

P^''^^^^ifin)rK^'^ + uh^'^), U^^^Vhfin), (4.7) 
ohab ^ oQ 

where TZ is given in (14. 6p . Inversion yields : 



4 

Thab = -J^TPab + T{DaNb + DbNa) , 



(4.8) 



where TZ is known in terms of II/VTi via f'{TZ) = Il/^/h. The Lagrangian Co is therefore singular in that it cannot 
be inverted to give the trace of the velocities hab ■ However the Hamiltonian density 

Ho -P"''/iab + ng-/:o (4.9) 



* Using the relation Vin' = K which follows from the preliminaries of Section Ull 

^ Note that we chose to replace X by Q everywhere in 1 14. 3| |. but in the expression 114.41 1 of iKab in order to keep it traceless. See 
Appendix |A] for examples of alternative choices. 



is still well defined if one injects in Co the constraint stemming from (|4.7p . to wit, u = It reads 



and 



Ti-o = Ti-Q + da 



nd^N -VhNd" 



n 

^/h 



tP-tP . 1 



PQ 



Vh\ n ■ 3 
/ p''\ n 



+ 2P''''Nb , where n*o ^ Vh (N C'^ + N"" C°) 



(4.10) 



(4.11) 



where TZ is known via f'{TV) = Ii/\/h. 



V. CANONICAL TRANSFORMATIONS 

In the previous sections we have associated, as concisely as possible, three seemingly different Hamiltonians to 
fijt) gravity : the "Ostrogradsky" Hamiltonian TYq ()4.10|) ()4.11|) . and two "Schmidt" [y] Hamiltonians : the "Jordan 
frame" one "H^ ((XT^ ((XTO)) . and the "Einstein" one He (P1T|) (EH]). Despite some claims to the contrary [ll,[il|, 
their respective sets of canonical variables 

-H*o : {/ia6,P''',Q,n,7V,iV'^}, n*j : {/iafc,p"',(/',7r,7V,7V''}, He : {/iafc,^', 0, ^, ^, ^"I (5.1) 

turn out to be related by means of canonical transformations. We proceed to show this explicitly. 



A. Einstein Jordan 

The Einstein frame metric is conformally related to the Jordan frame one, see (|2.6p . Thus the relation between the 
ADM variables {/lab, iV, A^"} and {/lab, A^, A^"} is known, see \2.1\ and p.3p . Taking then into account the relation 
between 0, /'(s) and see (12.51) and (|3.8|) . we therefore have'' 

hab = ^hab: ^^'^-A^^ N^^N, 0=y|ln0. (5.2) 

Now, since the extrinsic curvatures of the two frames, see ()2.2|) and (|3.5p . are related thus 

Kab^V^Kab + -^^{^-N-da<l>), (5.3) 
2 N \/h 

we deduce from (|2.9p and (|3.10p that the momenta are given by 

P^'^^P"', 7^=y|(0^-p). (5.4) 

If we now plug these expressions of the Einstein variables in the Einstein Hamiltonian Ti^ given in (|2.1ip (|2.12p ,we 
find that He turns into 

He ^n*j, (5.5) 
where Tij is the Jordan Hamiltonian given in p.l2p p.l3p . 



^ See Appendix |X] and [C] for illustrations of the same phenomenon on toy models. 

Note that we must have </> > (which is equivalent to requiring that the two metrics be related by a positive conformal factor). 
* After developing Da in terms of Da and R in terms of R and recalling that is given in terms of </> via 112.51 1 and 113.81 1 as : 

V = " '^^ J'}""' with s known via f'{s) = (p . 
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Moreover the transformation is canonical : if the Poisson bracket of two functions A and B of the Jordan variables 
{habjP'^'', 4>: Ti", N, iV"} , is defined as usual by 

5A 5B SA SB SASB 5 A SB 

i '^i-' = ^jX^ - + - -^"^ (5.6) 

then it is an exercise to see that (the variational reducing to partial derivatives) : {hab,'p'^'^}} = {hab,p'^'^}} , 7r}j = 

7r}j , {p"''',Tr}} = 0, {hab,<P},] = 0, {/iQ6,7r}j = 0, = 0. We are therefore guaranteed that He and H*j 
yield the same equations of motion. (Since this can be shown separately, see the results are watertight.) 



B. Jordan Ostrogradsky 

In the Ostrogradsky formulation we introduced as a new variable the extrinsic curvature : Q — K and found that 
the scalar curvature TZ was given by f'{Tl) = H/ Vh , 11 being the momentum conjugate to Q , see (|4.7p . In the Jordan 
frame formulation on the other hand the new variable was s = TZ that we traded for </) via /'(s) — ip , see p.Sp ; as 
for the extrinsic curvature it was given hy K — — tt/a/Ti, tt being the momentum conjugate to (j) , see p.lOp . All this 
suggests to choose 

0=^, TT^-VhQ. (5.7) 

Plugging these expressions for cj) and tt into the Jordan Hamiltonian Ti,*^ given in (I3.12p (|3.13p we find that iJj 
identifies to the Ostrogradsky Hamiltonian Hq given in (|4.10p (|4.1ip : 

n*j n*o (5.8) 

if we choose 

^ab ^pab_QJj_ f^ab (5 9) 

We have thus transformed all the Jordan variables {hab,p"''',4>,'^, N, N""} into the Ostrogradsky ones 

{/lab,p'^^Q,^, N, N^}. 

Again it is easy to see that the transformation is canonical : if the Poisson bracket of two functions A and B of 
the Ostrogradsky variables {hab, P"^'', Q, H, iV, N"-} , is defined as 

SA SB SA SB SASB SASB 

then we have : {hab,p'"'}o = {hab,P'"'}o, {0,7r}o = {Q,Il}o, {/lab, '/'}o = 0, {hab, Tr}o = 0, 0}o = 0, 

{p-\7T}o^0. 

We are therefore guaranteed that He and Hj yield the same equations of motion. (Since we have shown that 
separately, at least in the minisuperspace case, see Appendix O the results are safe.) 



C. Ostrogradsky Einstein 

To close the loop we combine the transformations obtained above to get the Ostrogradsky variables in terms of the 
Einstein ones (note that they are at odds with those advocated in and [iB|) : 



hab^e-Vi^ha 



ah 



Q = - 

VN = e 



P' 



3 , J 
-n+p 



pab 



1 



h+p]h'^'' 



Vh 



n 



(5.11) 
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Plugging these expressions into the Ostrogradsky Hamiltonian Hq given in (|4.10p (|4.1ip we find that it transforms 
into :^ 

n*o^nE, (5.12) 

where the Einstein Hamiltonian Tig is given in (|2.1ip (|2.12p . Since (|5.1ip is a composition of two canonical transfor- 
mations it is canonical too. 



VI. CONCLUSIONS 

We have given three seemingly different Hamiltonian formulations of f{TZ) gravity : 

1. an "Einstein frame" formulation with variables {hab,p'^'',(f>,Ti',N,N'^} , where the extra degree of freedom is 
embodied in the variables {0, tt} and which is nothing but the ADM formulation of General Relativity minimally 
coupled to a scalar field, 

2. a "Jordan frame" formulation with variables {hab,p'^'', 0, tt, iV, N°'} , where the extra degree of freedom is taken 
to be the scalar curvature TZ and is represented by the variables {</>, tt} , 

3. an "Ostrogradsky" formulation with variables {hab, P"''' ,Q,^, N, N°'} , where the extra degree of freedom is 
taken to be the extrinsic curvature K and is represented by the variables {(5,H} , 

and we have shown that they are all (classically) equivalent since the three sets of variables are related by canonical 
transformations. 

Now these canonical transformations, see e.g. (|5.1ip . are highly non-linear. These theories are therefore unlikely to 
be equivalent at the quantum level, see e.g. [25|. We leave these developments to further work. 
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APPENDIX A: HAMILTONIAN FORMULATIONS OF HIGHER DERIVATIVE THEORIES : A TOY 

MODEL 

We gather here some results, most of them already known [1, [13, [HI HE US] i concerning the following higher 

derivative action : 

S[q]^J^^'dtL with L = y'-^q'+g(q), (Al) 

where a dot denotes a derivative with respect to time t and where g is an arbitrary function. 

Extremisation of S with respect to path variations Sq{t) such that Sq and Sq vanish at the boundaries ti and t2 
yields a fourth order differential Euler-Lagrange equation 

q + q-g'^0, (A2) 

where a prime denotes a derivative with respect to the argument. 

Since both Sq and Sq have to vanish at the boundaries, Ostrogradsky (see e.g. [ll|) suggested to promote 

Q = q (A3) 



^ Again, we have to develop Da in terms of Da and R in terms of R and recall that V{<l>) is given in terms of (/> = eV 3 via 112.51 1 and 



ll3:8t as : V = "''2 J'}"'' with s known via f'{s) 
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to the status of an independent variable. The action is thus extended [Ij, \2Q, |27| to take account of this constraint : 
S ^ So with 

/*2 11- 
dtLo and 2.0=2^^-2^^^^^*^^^"^^"^^' ^^"^^ 

where u is a Lagrange multipher.^^ Extremisation of So with respect to m, g and Q gives q = Q , u = —q and 
g' ^ Q — u , that is, the equation of motion (jA2p . It is then straightforward to obtain the Hamiltonian Ho associated 
to Lo ■ Indeed, the momenta are 

u^^^AQ)- (A5) 
oq dQ 

Lo is singular in that (|A5p cannot be inverted to give q }^ The Hamiltonian Hq = P q + HQ ~ Lo is however still 
well defined if one injects the constraint u = P in Lo ■ 

H*oiq, F, Q, n) - n g - i Q2 ^ i g2 _ ^(g) ^ p Q ^ (A6) 

where Q is known in terms of 11 via g'{Q) = 11 , see [Ig] . One checks that the Hamilton equations = q , -^jp = Q , 
= —P and = — H give back (jA2|. In 10] Buchbinder and Lyahovich showed that it was indifferent to 
choose q or any function of q and q as the new independent variable since the respective sets of canonical variables 
are related by canonical transformations. 

Now, seemingly different Hamiltonians can be built from (jAip if one decides to promote 

S = q (A7) 

rather than q , as an independent variable 0, . The action is again extended to take account of the constraint : 
S ^ Sg with 

dt Ls and Ls = -f - - q^ + g{s) + (g - s) , (A8) 

where is a Lagrange multiplier. Extremisation of Sg with respect to s , </> and q gives = g'{s) , s — q and 
-q = q-^^ that is, (|X2|l . 

The traditional route is, first, to plug the constraint (j) = 9'{s) into (jASp .^^ Pursuing this path means replacing 
Ss[q,s,4'] by 

SMq,s]=J^ dtijF with L,F = ^q^-^q^+g{s) + g'{s){q-s). (A9) 

A second step is to add to Sjf the boundary term —{g'{s)q)ll and consider -.^^ 

/*2 d 1 1 

diLjF with Ljp ^ L.W ~ -^ig'is)q) = -q'^ ~ -q'^ + g{s) - sg'{s) ~ g" qs . (AlO) 

This operation transforms the action into an ordinary one, since ij has disappeared, and, in doing so, turns s into 
a dynamical variable, since s now appears, albeit only linearly. (One can check that extremisation of Sjf and Sj-p 
yields back (|A2|).) 



" We could as well have extended L into Lq = ig^ — + g{Q) + u(q — Q) ov Lq = •^Q q — + g{Q) + u{q — Q) . It is easy to see 

that the respective Hamiltonians all lead to the same equation of motion | |A2| |. 
^ The same happens when treating in the same manner the minisuperspace version of f{Ti) gravity, see Appendix[C] The same happens 

too in the full-fledged version of the theory, where only the traceless part of the velocities can be explicitly expressed in terms of the 

variables and their momenta, see Section llVI 
^ When this is done in the context of /{TZ) gravity one gets the "Jordan frame" action, see e.g. Appendix [Cl 
^ This is our toy model analogue of the Hawking— Luttrell boundary term . 
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The conjugate momenta of q and s are : 

^, = ^=4-3"i, ^, = ^^_g"4. (AH) 

Inversion of (jAlip is possible only if g is non-linear. The Hamiltonian iJjp = nq q + tTs s — LJp then is [l^ 

Hhiq, ^„ s, TT,) = -14-^- ff(^) + -^5' + ^ 9' • (A12) 

One can check that the Hamilton equations give back (|A2[) . Since iJjp is singular when g is linear we prefer to keep 
s and (j) as independent variables in (jA8[) . 

Returning then to (jASp we first eliminate the q term by adding the boundary term — (q^)*^ and consider, instead 
of Ss 

/•*2 d 1 1 , 

Si[q,s,(t>]= j dtLj with Lj = Ls - — (g 0) = - - - + ^(s) - s - g , (A13) 

where now (/) is a dynamical variable. Extremisation of Sj with respect to s , (p and g gives, as before, g'{s) = c^, 
s = g and —q — ij — (p , that is, (|A2[) . It is at this stage that we plug the constraint g'{s) = (p into (|A13p and replace 
•Sj by 

S:,[q,(t>]= J^'dtL* with L* = ig'-^g'+5(s)-0s-g0, (A14) 

where s is known via g'{s) — (f> . 

The conjugate momenta of q and (f) are 

p=—^^q-cj), ^ = —j- = -q. A15 
Contrarily to (jAll[) these momenta are invertible even if g is linear and the Hamiltonian reads 

Hj{q,P,(f>,T^) = -^7r2-7i"p-.g(s) + 50+^5^, (A16) 

where s is known in terms of cj) via g'{s) — (p . The limit g — s is obtained by "freezing the extra degree of freedom," 
that is, setting 0=1, either in the action (jA14p . or in (jAlSp which then gives p = — tt so that the Hamiltonian (jA16p 
reduces to : iJj = ^p^ + ■^q^ . 



We have thus associated three seemingly different Hamiltonians to the original action (|Aip : the "Ostrogradsky" 
Hamiltonian Hq (|A6p . and two "Schmidt" Hamiltonians : ffjp (jAl2p . and Hj (jA16p . Since they aU yield the same 
equations of motion (jA2j it should not come as a surprise that their respective sets of canonical variables, to wit 

ffj* :{g,p,0,7r}, H^^ :{g,^„s,^,}, H*o :{g,P,Q,H} (A17) 

are related by means of canonical transformations. 

Let us start with the correspondence Hj iJjp . Equations (jAlip and (jAlsp suggest to choose 

= g'(s) and tt = ^ . (A18) 
Plugging these expressions into (|A16p gives Hj — Hjp if 

P^TTq (A19) 



^'^ We thank Misao Sasaki for discussing with us this alternative procedure. 
See Section IlIII and fii(H for apphcation to f{1Z) gravity. 
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and it is an exercise to check that the transformation is canonical : indeed, the Poisson brackets of the set {A, B} = 
(/), tt} with respect to the set {g, tt^, s, tTs} being defined as : 

, , dA dB dA dB OA dB dA OB 

{A,B}jF = ——-—— + ——-—— A20 

OTTs OS OS OTTg OTTq OQ Oq OTTq 

are canonical, that is : {q,p}jF = -1 , {0, 7r}jF = -1 , {g, (t>}jF = , {q, Trjjp = , {p, (/)}jf = , {p, 7r}jF . 

Let us now turn to the correspondence H'^p Hq [18]. Equations (jA3p (jASp (jA7p and (jAlip suggest to choose 

7Ts = -9"{s)Q, (A21) 

where s is known in terms of 11 via g'{s) = H . Plugging these expressions into (|A12p gives Hjp = Hq if 

TTq = P (A22) 

after renaming the parameter s as s — Q . Again it is an exercise to compute the Poisson brackets of the set 
{q, TTq, s, TTs} with rcspcct to the set {q, P, Q, 11} and see that the transformation is canonical. 

We have thus shown (in full details) the canonical equivalence of three different Hamiltonian formulations of our 
toy model, akin to those employed when treating f{TZ) gravity. 

APPENDIX B: FROM THE JORDAN TO THE EINSTEIN FRAME : A SHORT RECAP 

We recall here how the action for /(??.) gravity is transformed into the Hilbert action for a conformally rescaled 
metric minimally coupled to a scalar field [3]. 
Consider the action for f{TZ) gravity : 

^[5..] ^IJd'xV^ fin) + S,r.[^, g,j\ , (Bl) 

where Einstein's constant k = SttG = 1, where g is the determinant of the metric gij with signature (—,+,+,+), 
where TZ = \ {g^^ g-'^ — g^-' g'''')dijgki + ■ ■ ■ is the scalar curvature, and where \1/ denotes some matter fields minimally 
coupled to the metric. Since I|B1|1 contains second derivatives of gij which do not sum up as a divergence (unless 
J — TV) its extremisation with respect to metric variations yields fourth-order differential field equations : 

/' G., + \ 5., (7^ /' - /) - A, /' + g^J □/' = T^^ , (B2) 

where a prime denotes a derivative with respect to the argument, where Gij is Einstein's tensor and where — 
^ ^^"^ is the matter stress-energy tensor. Since the trace of (IB2[) . 



3□/'-7^/'-2/ = T,„, (B3) 

is an equation of motion for the scalar curvature TZ it is natural to promote it to the status of independent dynamical 
variable, the "scalaron": TZ = s In so doing one converts (|B2HB3p into a set of two second-order differential 

equations. 

This scalaron can also be introduced right from the beginning by replacing the action (jBip by the Dirac action 

Ss[g^J,s,^] = ^ Jd^xV^[f{s)-^{s-n)]+Sm[^,g^j], (B4) 

where ^ is a Lagrange multiplier. Now, the extremisation of Ss with respect to s yields an algebraic constraint : 
(j) = /'(s) , which can be harmlessly plugged back into Ss[gij, s, (p] yielding another action 

S,[g^„s]^^ Jd^xV^[f'{s)n-{sf'{s)~f{s))]+S^[^,g,,]. (B5) 



Extremising jBSj) with respect to s and gij yields the equations of motion (IB2|1 (if f"{s) ^ 0). Note that the scalaron 
s is not yet manifestly dynamical as its derivatives diS do not appear in (IBSp . S'jLgij, s] is the "Jordan frame" action 
of f{Tl) gravity ; it falls into the broader category of scalar-tensor theories, see [28| . 
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Eliminating the function /'(s) in the term y/—gf'[s)TZ in (|B5|) by means of a conformal transformation will turn s 
into an obvious dynamical variable [2]. Moreover it will lift the restriction /" ^ , that is, it will render the Einstein 
limit well-defined. 

Indeed, introduce the new metric 



n = fis) 



(which imposes that f'(s) be positive). The action (jB5|l becomes 



Sk[9^j,s] ^t: d^x V-.g 7^ - - (9 In/') 



3 .s. 



fl\2 



sf-f 



+ 3nin/' +5',„[^',gy 



As announced, derivatives of s now appear explicitly. As for the term 

3 



d-^x V-gDln/' 



-.g^Mn/'), 



it is a divergence which can be dropped. Hence the final action is, after trading s for a new field 
where the potential V and the new scalaron are given in terms of s by : 



V{s) 



Inf'is). 



(B6) 



(B7) 



(B8) 



(B9) 



(BIO) 



5e [gij , 0] is the "Einstein frame" action, where Einstein's gravity is minimally coupled to the scalar field (j) and 
non-minimally coupled to the matter fields \1/ . 

The field equations obtained by extremising (up to boundary terms) Se [gij , 0] with respect to gij and (f> reduce to : 



G,, - T,, = V f ^ , where = d,4>d,4> ~ ffy ( ^ 04>f + Vi4>) 



(Bll) 



and where, recall, T™ = — --^==||js. . As they should, these equations are a rewriting of the Jordan frame equations 

of motion (jB2|l in terms of gij = f gij with /' = . Note that the equivalence holds if /' > ; note too that, as 

announced, the Einstein limit /' ^ 1 is well defined. 



APPENDIX C: MINI-SUPERSPACE HAMILTONIAN FORMULATION OF /(7^) GRAVITY : FROM 
THE OSTROGRADSKY TO THE EINSTEIN FRAME VARIABLES 

We show here that the mini-superspace Hamiltonian formulation of f{Ti) gravity a la Ostrogradsky is (classically) 
equivalent to its formulation in the Einstein frame. For better comparison with [l3|, which claims the contrary, our 
formulation closely follows its authors'. 

We restrict our attention to the sub-class of LFRW metrics of the type ds^ — —N^dt^ + a?dx^ , where the lapse N 
and the scalar factor a are function of time t only. Hence the Lagrangian, L[a, N] — ^Na^ f{T^) i is a function of 

^ = 6('T^y + 12('^V- (Cl) 



As in llSi we introduce 



NaJ \Na 



Q = ^ (C2) 



as an independent "Ostrogradsky" variable, so that the Dirac Lagrangian is 



1 ^ r,^^ f ■ NaQ\ , ^ 2 • 4 



Lo[a,Q,N,u]^-Na' f{n)+uU ^1, where 7^ = - Q + - (C3) 
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and where w is a Lagrange multiplier. One checks that the vacuum Euler-Lagrange equations reduce to 



which is nothing but the (00) component of the field equations (|B2[) . 
The conjugate momenta of a and Q are 

P^^-^^u and ^^^=a■V'(7^) with 7^ = ^ Q + ^ (C5) 
oa dQ N 3 

As in the toy model of Appendix |A] these relations cannot be inverted to give d . However the Hamiltonian Hq — 
Pd + IIQ — I/O is still well defined if we inject the constraint u — P in Lq ■ Hence (cf. Eq. (3.18) of ^Sj] ; see also 

H*o^N(^^aPQ~^nQ^ + ^n-^a'f{n)^, where f{n)^^. (C6) 

7?. is a known function of Il/a^ , once the function / is given. Hq is a function oi N , qi ^ {a, Q} and pi = {P, H} . 
Hamilton's equations 

9iV dp, % - ^^^> 

give back the Friedmann equation (jC4|l and can be written as 

H*o^0, {H*o,q,}^q,, {H*o,p,}=p,, (C8) 
where the Poisson bracket of two functions A and B of {N, a, P, Q, H) , is defined as usual by 

^ ' ^ ^ dP~d^ ^ 'd^dP^ dndQ~ dQdn' ^ ' 

In order now to transform the Ostrogradsky Hamiltonian (|C6[) to an Einstein frame one we change the Ostrogradsky 
variables {(a,P), {Q,Il)} into new ones, {{a,p), (^, tt)} , such that, see (IB6|) and (jBlOp : 

~a = J^, 4>=^^l\n^. (CIO) 
V a \ 2 a-^ 

(This is the transformation proposed in (2.19b) and (2.21) of fld\ but not the one suggested in the last section of 
[l3|.) In order to find the momenta p and tt in terms of the Ostrogradsky variables, we impose the transformation to 
be canonical, that is, such that 

{^,0} = 1, {n,a} = 0, {p,a}^l, {p, 0} = , {d, 0} = , {7^,p} = 0, (CU) 

where the Poisson bracket is defined in (|C9p . The first series of Poisson brackets yield (a result at odds with Eq. 
(2.22) of [H) 

_^QII_aP^ p = -y^(3QH-aP). (C12) 
The second series of Poisson brackets is then satisfied. 



^® where, clearly, the equation of motion = q was incorrectly used. 
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In order now to express the Hamiltonian (jC6p in terms of the new variables we have to invert (jC12[) . This gives 
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Q 



1 



P = - 3 



(C13) 



The Hamiltonian (jC6p therefore becomes 

He = N 

where V{(j)) is given in parametric form by 



12 a ^253 



V{4>) 



(CM) 



(C15) 



and where we have set TV = g<i>/^ _ is nothing but the Hamiltonian deduced from the Einstein frame action 
(|B9t ((BT0| of /(7^) gravity when reduced to mimsuperspace : 



- -3 ■ 



N Na 



-Na^V . 



(C16) 



Hence, contrarily to the claim in [13j and [Ig one can transform the Ostrogradsky Hamiltonian (jC6() into the Einstein 
one (|C14p by means of a canonical transformation. 
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